Abstract. In this paper, we establish the existence of common coupled fixed point and prove common coupled fixed point theorems for generalized contractive mappings in C * -algebras-valued b-metric spaces. Our results generalize some known results in C * -algebras-valued metric spaces.
Introduction
We all know, fixed point theory is one of the active research areas in mathematics. It focuses on the study of fixed points of mappings satisfy certain contractions in abstract spaces. In 1922, Banach proved the Banach theorem. The theorem is one of the main tools in fixed point theory, also, it is a very effective tools in solving existence problems in many branches of mathematical analysis and engineering. So fixed point theory has many applications in various branches of mathematics and branches of science.
The notion of b-metric space was introduced by Bakhtin in [1] . Since then, many actions generalized the b-metric spaces(see [2] , [3] , [4] ). Recently, Ma and Jiang [5] introduced the concept of a C * algebras-valued b-metric spaces,and they obtained the basic fixed point theorems for self-map with contractive condition in C * algebras-valued b-metric spaces. In 2016,
Kamranetal [6] also introduced the concept of this space, and generalized the Banach contraction principle on this space.
Gao and Lakshmikantham [7] introduced the concept of coupled fixed point. Since then, many pursuers investigated coupled fixed point theorems in ordered metric spaces [8] [9] [10] [11] . Recently, NidhiMalhotra and BineluBansal [12] studied some coupled fixed point theorems for generalized contraction in b-metric spaces.
In this paper,we will establish the existence of common coupled fixed point and prove common coupled fixed point theorem for generalized contractive mappings in C * -algebras-valued b-metric spaces. Our results generalize some known results in b-metric spaces.
Preliminaries
In this section, we recall some basic definitions ,notations and results of C * algebras, which will be used in the sequel. The details of C * algebras can be found in [3] .
Let A be an algebra. An involution on A is a conjugate linear map a −→ α * such that (a * ) * = a and (ab) * = a * b * for all a, b ∈ A. The pair (A, * ) is called a * -algebra. A * -algebra A together with a complete substantiative norm such that a * = a is said to be a Banach * -algebra. Furthermore, if we have a * a = a 2 in Banach * -algebra for all a ∈ A, then A is a C * -algebra. An element a of a C * -algebra is positive if a = a * and σ(a) ⊆ [0, + ∝), where σ(a)
is the spectrum of a, and σ(a) = {λ ∈ R : λI A − a is not invertible}, where I A is identity element of C * -algebra. Every positive element a of C * -algebra A has a unique positive square root, and denote by A + be the set of positive elements, where 0 A ≥ a, 0 A is the zero element in A.
we define a natural partial ordering with respect to A by x y if and only if 0 A y − x.
Let A = {a ∈ A : ab = ba, ∀b ∈ A},and A + = A + ∩ A .Now we give some basic concepts and results, which will be needed as follows.
Definition 2.1. (see [13] ) Let A always be a C * -algebra. X be a nonempty set. Let b ∈ A be such that b
1. Suppose that the mapping d b : X × X −→ A + is defined with the following properties hold for all x, y, z ∈ A is a real Banach space in which an operation of multiplication is defined,subject to the following properties ,for all x, y, z ∈ A, α ∈ R: is called a C * -algebras-valued b-metric space with coefficient b.
, we know that a C * -algebras-valued b-metric space are not C * -algebrasvalued metric spaces.
Definition 2.3. (see [3] ) Suppose that (X, A, d b ) be a C * -algebras-valued b-metric space, let
x ∈ X and {x n } is a sequence in X.
1.{x n } converges to x whenever for every c > θ , there is a natural number N such that d b (x n , x) < c for all n ≥ N.we denote this by lim n→∞ x n = x or x n −→ x(n −→∝);
2.{x n } is a Cauchy sequence whenever for every c > θ , there is a natural number N such that
is a complete cone metric space if every Cauchy sequence is convergent.
Definition 2.4. (see [14] ) An element (x, y) ∈ X × X is called a coupled fixed point of mappings F : X × X → X if x = F(x, y) and y = F(y, x) Definition 2.5. (see [14] ) An element (x, y) ∈ X × X is called
(2)a common coupled fixed point of mappings S , F : X × X → X, if
Lemma 2.6. (see [1, 3] ) Suppose that A is a uncial C * -algebras with a unite I A .
(1) if a ∈ A + , with a < 
Lemma 2.7. (see [1] ) the sum of two positive elements in a C * -algebras is a positive element.
] is a positive element.
Main Results
Theorem 3.1. Let (X, A, d b ) be a complete C * -algebras-valued b-metric space.Assume that the mappings S , T : X → X satisfies the following contractive condition:
for all x, y, u, v ∈ X and α, β, γ ≥ 0, with β <
, then S and T have a unique common coupled fixed point in X.
Proof: Let x 0 , y 0 be any two arbitrary points in X, set x 2k+1 = S (x 2k , y 2k ) and y 2k+1 = S (y 2k , x 2k ),
From which it follows:
From (3.1) and (3.2), we get
Since β ∈ A + , moreover from the condition β < By multiplying in both side of (3.3) by (I A − β) −1 , we arrive at
Furthermore we can obtain similarly:
and
Adding (3.1) and (3.2), we get
By multiplying in both side of (3.7) by I A − β,we arrive at
from (3.4) and (3.5), we have
If η 0 = 0 A ,then from definition 2.1, we easily know that (x 0 , y 0 ) is a common coupled fixed point of the mappings S and T. Now,we set η 0 > 0 A , and set n, m ∈ N with m > n, by using Definition 2.1, it following that:
Similarly, we can obtain
Hence, adding (3.10) and (3.11), we have by the condition, b
{x n } and {y n } are Cauchy sequences in X. Since X is a complete space, there exists x * , y * ∈ X such that x n → x * and y n → y * as n → ∞. Now we will prove that x * = S (x * , y * ) and y * = S (y * , x * ).
Similarly, we can prove that y * = S (y * , x * ). We can similarly prove that x * = T (x * , y * ) and y * = T (y * , x * ). Therefore, we have obtain that (x * , y * ) is a common coupled fixed point of S and T .
Now we show that S and T have a unique common coupled fixed point. Let (x, y) ∈ X → X be another common coupled fixed point of S and T ,then
by the condition 
Similarly we can easily prove that
Adding (3.12) and (3.13), we have
That is x = x * and y = y * . Corollary 3.2. Let (X, A, d b ) be a complete C * -algebras-valued b-metric space. Assume that the mapping F : X → X satisfies the following contractive condition:
for all x, y, u, v ∈ X and α, β, γ ≥ 0, with β < 1 2 , b α + β < 1, α + γ < 1, then F have a unique coupled fixed point in X.
Proof: Take S = T = F In Theorem 3.1, we can obtain the conclusion. 
,and α, β ≥ 0, with β < 1 2 , bα β < 1, then S and F have a unique common coupled fixed point in X.
Proof: Let x 0 , y 0 be any two arbitrary points in X, set x 2k+1 = S (x 2k , y 2k ) and y 2k+1 = S (y 2k , x 2k ), y 2k+1 ) and y 2k+2 = F(y 2k+1 , x 2k+1 ) , where k = 0, 1, 2, · · · , we can assume that
Similarly,we can easily prove that
adding (3.14) and (3.15), we have
Since β ∈ A + , moreover from the condition β < 
Similarly, we also can prove that
adding (3.16) and (3.17), we have
Therefore, we get
Set m, n ∈ N and m > n
By the condition, bα β < 1, so we get
this shows that {x n } and {y n } are Cauchy sequence in X. Since (X, A, d b ) be a complete C * -algebras-valued b-metric space, there exists x * , y * ∈ X such that x n → x * and y n → y * as n → ∞. Now we will prove that x * = S (x * , y * ) and y * = S (y * , x * ).
.
Similarly, we can prove that y * = S (y * , x * ). We can similarly prove that x * = F(x * , y * ) and y * = F(y * , x * ). Therefore, we have obtain that (x * , y * ) is a common coupled fixed point of S and F.
Now we show that S and F have a unique common coupled fixed point. Let (x, y) ∈ X → X be another common coupled fixed point of S and F,then Proof: Take S = T = F In Theorem 3.1, we can obtain the conclusion.
